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Abstract 



We extend our earlier work of revealing both space-space and space-time noncommuting 
structures in various models in particle mechanics exhibiting reparametrisation symmetry. 
We show explicitly (in contrast to the earlier results in our paper that for some special 
^vq | choices of the reparametrisation parameter e, one can obtain space-space noncommuting 

J> ■ structures which are Lie-algebraic in form even in the case of the relativistic free particle. 

The connection of these structures with the existing models in the literature is also briefly 
discussed. Further, there exists some values of e for which the noncommutativity in the space- 
space sector can be made to vanish. As a matter of internal consistency of our approach, we 
■ also study the angular momentum algebra in details. 

t> ; 
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£h 1 Introduction 

The interest in noncommutative, theories has been motivated by the results in string theory. The 
early results in this subject |T[7liave been followed by a vast number of_nanejs dealing with the 
problem of formulating a noncommutative (NC) quantum mechanics pj7T|3]7l[Tj and field theory. 
In this context, it has been observed that an important role is played by redefinitions or n ^| ian g c r ,^ in 
variables providing a map between the commutative and noncommutative structures plT^^nf^ 
fsf. In a recent paper frTj, in contrast to the earlier approaches, we have shown that noncommuting 
structures can be obtained for models in particle mechanics with reparametrisation symmetry. 
In general, the associative algebraic structure A x which defines a noncommutative space can be 
defined in terms of a set of generqtojs^x* and relations 1Z. Some important explicit cases are of 
the form of a canonical structure 



{x\x j } = 9 ij ; 9 ij eC, (1) 

a Lie algebraic structure 

{x\x j } = C ij k x k ; C ij k eC, (2) 
and a quantum space structure fmf 

xV = q^RV^x 1 ; R l hi € C. (3) 
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1 In all these cases the index i representing the spatial coordinates takes values from 1 to d. 
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Gauge theories have been formulated on each of these NC spaces based on the notionof covariant 
coordinates and Seiberg-Witten (SW) maps have been established in all cases in [iu| . Hence, 
a thorough understanding of the above types of NC spaces and their emergence is important 
in its own right, if not essential. Generation of NC phase-space with Lie algebraic forms of 
noncommutativity have also appeared in |TTJ^T7j7t^fr|"^^ _ |"'^r- 

we exploited the reparametrisation symmetry of the problem to find a nonstandard gauge 
in which the space-time and space-space coordinates become noncommuting. There we presented 
a definite method of finding this gauge and also showed that the change of variables relating 
the nonstandard and standard gauges is a gauge transformation. The structures obtained were 
Lie-algebraic in the case of a nonrelativistic free particle, but not so in its relativistic counter- 
part. In this paper, we make use of the change of variables derived in our earlier paper IJU] to 
show explicitly that for some special choice of the reparametrisation parameter, one can obtain 
noncommuting space-space structures falling in the Lie-algebraic category even in the relativistic 
case. We emphasize that these Lie-algebraic sl^uc^tures may be useful in giving explicit forms of 
the star products and SW maps (discussed in [lujj by reading off the structure constants of the 
algebra. 

Moreover, there exists solutions of e for which the noncommutativity between spatial coordi- 
nates vanish, but the space-time algebra still remains noncommutative. However, we do not 
get solutions for which the space-time algebra vanishes while the space-space algebra remains 
noncommuting. Finally, in order to show the internal consistency of our analysis, we study the 
angular momentum algebra in details. 



2 Lie algebraic noncommuting structures : relativistic free par- 
ticle 

In this section, we first give a brief review of reparametrisation symmetry exhibited by the free 
relativistic particle fif]. The standard reparametrisation invariant action of a relativistic free 
particle which propagates in d + 1-dimensional "target spacetime" reads^l 



So = -m I dr\/-x 2 . (4) |T 
The canonically conjugate momenta to x^ are given by 

7TIX a / _. \ i 

These are subject to the Einstein constraint 

0! = p 2 + m 2 ps (6) [T 

and satisfy the standard PB relations 

{x^,p v } = SH; K,^} = {^,^} = 0. (7) 



Now using the reparametrisation symmetry of the problem (under which the action is in- 
variant) and the fact that x^(r) transforms as a scalar under world-line reparametrisatiorH 



2 x^ are the space-time coordinates, fj, = 0, 1, ...d, the dot here denotes differentiation with respect to the 
evolution parameter r, and the Minkowski metric is r\ = diag( — l, 1 , 1 ). 

3 The generator of above reparametrisation invariance is proportional to the Einstein constraint 4> 1 . This 
has been discussed in hj and we shall not elaborate on this aspect here. 
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T — > T 



t(t) 
x"(r) 



leads to the following infinitesimal transformation of the space-time coordinate 

5x»{t) = x "( r ) - x"(t) = e-y-. 

ar 

The simplest gauge condition to get rid of the gauge freedom generated by <f>\ 
by identifying the time coordinate x° with the evolution parameter r, 

(j) 2 = X ° - T ps 0. 

The constraints ((0 limp form a second class set with 

{(p a , cpb} = 2p e ab ; (a, 6 = 1,2). 
The resulting non-vanishing Dirac brackets (DB) ar^l: 



W,Po}db 



P 
Po 



{x\pj}DB = S l j 



(8) 
(9) 

is obtained 
(10) 

(11) 
(12) 



which imposes the constraints <fii and 4>2 strongly. 

Using (§J|), the transformations that relates the primed coordinates in terms of the unprimed 
coordinates can be written down in terms of phase-space variables as: 



x 



x° + e 



i P 
x — e — 



Po 



(13) 



where we have used the relation ^ = — With the above change of variables (derived 
from reparametrisation symmetry) at our disposal, enables us to choose some special values of 
the reparametrisation parameter e which leads to noncommuting structures falling in the Lie- 
algebraic category f2]) as we shall see subsequently. 
Setting 



m 



(14) 



9.1 



9.2 



9.3 



10 



10a 



and using (pi^j) and (|l3p . we obtain the following algebra between the primed coordinate^]: 

{x v j }db = - v - 0°v ) (15) \^\ 

rn, V / 



fry. Ji\ — fflOt- _l_ fl0fc„ P \ 

{X ,X SDB — —\P PO + V Pk — j 

m po 



(16) 
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{x ,P }db = — 



{x\pA 



DB 



(17) 
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4 The Dirac bracket^are^defined as {A, B}db = {A, B} — {A, 4> a }{4>~ 1 )ab{<i > b, B}, where A, B are any pair of 
phase-space variables jiQa 

5 The parameter e of the reparametrisation transformation in (|ll4|) is not a Lorentz scalar (or four- vector) . 
However, this problem is not serious and we shall present a detailed discussion of this issue later in the paper. 

6 Note that p M '(s) are gauge invariant objects as {p^, 4>} = 0, hence p'^ = p^. 
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It is now important to observe that the noncommutativity in the space-space coordinates 
has a Lie-algebraic structure in phase-space (with the inclusion of identity) and not in space- 
tin^. This is in contrast to the results derived in flrj (for the relativistic free particle) where 
space-space noncommutativity was not Lie-algebraic in form because of the presence of po in 
the denominator which did not have a vanishing bracket with all other phase-space variables. 
However, the algebra between the space-time coordinates is not Lie-algebraic in form. 
Alternatively, one may demand that the space-space algebra between the primed coordinates 
is of the Lie-algebraic form (pi bp . A simple inspection (after the substitution of in the left 
hand side of flbp ) gives the solution (pi 41) for the reparametrisation parameter e. The change of 
variables relating the primed coordinates with the unprimed ones hence read: 

x 'o = x o_ e ok pk Po 
m 

m 

Note that the above change of variables is different to that derived in ftrj. This is because e in 
Ijlfj is of the form e = — 9°^Vk- 

The above solution of e (pi4|) shows that the desired gauge fixing condition is given by H: 



3 = x + 0°* Pfc — - r « 0, k = l,2,...d. (19) [W 

m 1 1 

It is easy to check that the constraints ()E1 Hl9|) form a second class pair as 

{4>a,4>b} = 2p eafe; (a, 6 =1,3). (20) | lOaaa 



The set of non- vanishing DB/s) consistent with the strong imposition of the constraints 
reproduces the results (jllSl HTOl lrf|) . 

We now investigate the algebra of the Lorentz generators (rotations and boosts) for the above 
choice of the reparametrisation parameter e to illuminate the internal consistency of our analysis. 
As we have pointed out in |If], the definition of the Lorentz generators remains unchanged in 
our approach, because these are gauge invariant objects. The Lorentz generators (rotations and 
boosts) are defined as, 

Mij = Xipj - XjPi (21) [aT] 

M 0i = x Q pi - Xip (22) [A2^ 

They satisfy the usual algebra in both the unprimed and the primed coordinates as M^ v and p^ 
are both gauge invariant pjj. 

{Mij,p k } DB = 5 ik pj - 5 jk pi (23) | 29.1 

{M^ , M H } DB = 5 ik Mji - S jk M a + 5jiM ik - S u M jk (24) | 29 . 2 

{M^, Mqi^ob = S ik M 0j - 5 jk M 0i (25) | 29 . 3 

{M 0i ,Moj} DB = Mji (26) | 29.4 

l llld dul u 

Note that following ["UT , one can therefore associate an appropriate "diamond star product" for this in order 
to compose any pair of phase-space functions. 

8 Note that we have dropped the prime from :Tq for convenience in 
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{M i,p k } DB = -5 ik Po 



(27) [2975" 



On the other hand, the algebra between the space coordinates and those of Lorentz generators 



(rotations and boosts) are different in the two gauges 
under gauge transformation. We find: 

{Mij,X k } DB = 5i k Xj - Sj k Xi 



since x is not gauge invariant 



(28) fA3 



{M i,X J } D B = Xi X <V 

Po 



(29) 



A4 



{Mi^X^DB 



5 l k x' j - Sfx't + ^ (e° iPj - 9° jP . 



(30) [A5~ 



{M^x'ljoB = X ;^-4V-^V--^V— (31) [A6] 
Po m mpQ 



Note at this stage that the gauge choice (111 9 1) is not Lorentz invariant. However, the Dirac 

* ' ttianson 

bracket procedure forces this constraint equation to be strongly valid in all Lorentz frames |iy]. 
This can be made consistent if and only if an infinitesimal Lorentz boost to a new frame 

p v ^ p V = p M + u ^ pv . ^ = (32) 

is accompanied by a compensating infinitesimal gauge transformation 

T^r'=r + Ar (33) 
The change in x**, upto first order in w, is therefore 

= x^(t) + At— + lo^x u (34) 
ar 



A7a 



A8 



A9 



In particular, the zero-th component is given by, 



X '0( T ) = x °{t) + At— + u Gi Xi (35) 

CLT 



A10 



Since the gauge condition (lll9|) is x°(t) r — 6 0k p k ^, x'°(t) also must satisfy x'°(t) = (r 
0k p' k ^) in the boosted frame, which can now be written, using (J&ij) as: 



aOfc 



x'°(t) = t (p k + u k °p )(po + u l pi). (36) 

m 



All 



miparing the left hand side of the above equation with (113 o|) and using the gauge condition 
one can now solve for Ar upto terms linear in u to get, 



gOfc 



Ar = (u° k pl - u l pip k ) (37) 



rn 



A12u 
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Therefore, for a pure boost, the spatial components of (|34p satisfy 

A 7 

8x j (r) = x' j (r) - (r) = Ar ^- + oj j0 x 

UT 

= u OiL.^_ XoS J_ e o^Po_ e ok pk P^\ +oiu 2 ) (3g) 



Hence we find that (pip and (pql are consistent with each other upto first order in u>. 
Next we observe that there is another interesting choice of e which reads the following: 

e = -d k 9 kl pi— (39) I 15aaa 
m 

where; dt are arbitrarv dimensionless constants. 

This yields (using flOj) and (]|T3p ) the following algebra between the primed coordinates: 



{ X '\ x' j } DB = — ( e kl p> - e kj A (40) 

777, V / 



16aaa 



{x' ,x' l } DB = ^(e k * P0 + e kl pA 



(41) 



12aaa 



(42) 



Once again we obtain a Lie-algebraic ncmcommutative structure in the space-space sector^flow- 
ever, note that (|i4u|) is different from (pi5p because the noncommutative parameter 9 in |4u|l nas 
space indices in contrast to the space-time indices appearing in (jlT5l) . The space-time algebra is 
once again not Lie-algebraic in form. 

The desired gauge fixing condition which leads to the above Dirac brackets read: 



4 = x° + d k 9 kl Pl — - r w 0, fc = l,2,...d. 
m 



(43) 



13aaa 
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fcje the algebra between the Lorentz generators and p^ remains the same {U'6\ 11241 11251 
Also the algebra between Mn V and x^ in the unprimed coordinates remain the same 
. However, the algebra between M„„ and x'^ in the primed coordinates are different and 



read: 



m V 



Pj ~ l jPi) p k 



(44) | A5aa 



{M 0i ,x j } DB 



^-^ss-d^-d^p^ 

Po m mpo 



(45) 



A6aa 



Rerunning our earlier analysis of enforcing the constraint equation (|Kl3p to be strongly valid in 
all Lorentz frames leads to the following solution for Ar in (|l34p upto terms linear in u: 



Ar 



d k 9 



ki 



m 



(UJ°IP - UJ r pip r )uJo r poPr ~ U X 



(46) 



A12 
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Therefore, for a pure boost, the spatial components of (p4|) satisfy 
6a? (t) = x' j (T) - x j (r) = Ar^- + Ld j0 x 

UT 

,"' i ~ ^ ~ X 7 J flA; _jJX> , Q kl PiP j 



= u M xf- - x Q 8f - 4<?V - - 40*'pi — + 0(u') (47) [M2ag 
\ Po m mpo J 

Hence we find that (|!4b|) and (|KtY|l are consistent with each other unto first order in u>. 
We make certain observations now. Although, the relations (pi bp . fjkfcUj) have a close resemblance 
to Snyder's algebra Ifl 1\ , there is a subtle difference. Note that the right hand side of these 
relations do not have the structure of an angular momentum operator in their differential rep- 
resentation (obtained by repacing pj by (—idj) in contrast to the Snyder's algebra. Further, the 
relations are not renfinjgranto|.K- Minkowski algebra (that has been studied extensively in the 
literature recently |TTj7frzf7p^^lfr5'f) _ but has a similar structure to the commutation relations 



Ijoro 
lb] , the only difference being 

that momentum operators appear at the right hand side of the relations i nsteadrf the position 
operators. Interestingly, the values of the reparametrisation parameter e (pi4l ifej) that leads to 
the noncommuting Lie-algebraic structures fib I l4Uj) are the only choices possible as can be easily 
seen from purely dimensional considerations. 

Finally, there exists choices of e for which the space-space noncommutativity can be made to 
vanish. The choices are: 

e = efc 0OfcPo (48) 

m 

and 

e = -fki9 kl po (49) ^4b 

where, and fki are arbitrary dimensionless constants. 

The space-time algebras however do not vanish for the above values of e and are as follows: 

f x '0 ]X >i } = ^k 9 ok p i (50) 

m 

and 

{*'V*} = / fc ^-. (51) [I4d] 
Po 

Another interesting question that can be asked is the following. Can we get canonical NC space- 
space structures from reparametrisation symmetry. To see this we ask whether there exists a 
solution of e for which the following equation holds between the primed coordinates: 

{x'\x' j } = 6 ij . (52) |TT 

Substituting (JlSp in the left hand side of the above equation in terms of the unprimed coordinates, 
it is easy to note that there does not exist an e for which the above equation is satisfied. Thus, 
one cannot obtain canonical NC space-space structures from reparametrisation symmetry. 

3 Conclusions 

In this paper, we have extended our earlier work on noncommutativity and reparametrisation 
symmetry |It| to obtain Lie-algebraic NC structures in case of a free relativistic particle. This is 
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in contrast to the results obtained in fsj since the NC structures although Lie-algebraic in form 
in case of the non-relativistic free particle were not so in its relativistic counterpart. The change 
of variables derived in this paper are different than those appearing in |tT| . This is related to the 
fact that the choice of the reparametrisation parameter e is different in the two cases. 
We also find solutions (for e) for which the algebra between space-space coordinates in the primed 
sector vanishes while the space-time algebra still survives. However, we do not get canonical (jff|) 
or quantum space structures (jSJ) from reparametrisation symmetry. 

As a matter of internal consistency of our analysis, we study the angular momentum algebra in 
details. As in pT] , the angular momentum remains gauge invariant since the change of variable^ 
is just a gauge transformation. Hence, we feel that our approach is more elegant than those fl)J 
where such change of variables are found by inspection and leads to ambiguities in the definition 
of physical variables like the angular momentum. 
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